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SPACE OF CURVES 



O 

o 



< 



> 

00 

m 

o 
o 

B 
> 

X 



MIKE ROTH AND RAVI VAKIL 



Abstract. We define the ajfine stratification number asnX of a scheme X. For X equidi- 
mensional, it is the minimal number k such that there is a stratification of X by locally 
closed affine subschemes of codimension at most k. We show that the affine stratifica- 
tion number is well-behaved, and bounds many aspects of the topological complexity of 
the scheme, such as vanishing of cohomology groups of quasicoherent, constructible, and 
^-adic sheaves. We explain how to bound asn X in practice. We give a series of conjec- 
tures (the first by E. Looijenga) bounding the affine stratification number of various mod- 
uli spaces of pointed curves. For example, the philosophy of | GV. Theorem •] yields: the 
moduli space of genus g, n-pointed complex curves of compact t5rpe (resp. with "rational 
tails") should have the homotopy type of a finite complex of dimension at most 5g — 6 + 2n 
(resp. Ag — 5 + 2n). This investigation is based on work and questions of Looijenga. 

One relevant example (Example 14. 9> turns out to be a proper integral variety with no 
embeddings in a smooth algebraic space. This one-paragraph construction appears to be 
simpler and more elementary than the earlier examples, due to Horrocks |Ho| and Nori 
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1. Introduction 



The affine stratification number of a scheme X bounds the "topological complexity" of a 
scheme. For example, it bounds the cohomological dimension cd X of X, which is the largest 
integer n such that H'^{X,J^) ^ for some quasicoherent sheaf JF (Proposition I4.12')l . 
Similarly, the cohomology of any constructible or £-adic sheaf vanishes in degree greater 
than asn X + dim X (Proposition 14. 19t . We expect that if the base field is C, then X has the 
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homotopy type of a finite complex of dimension at most asn X + dim X (Conjecture I4.21|l . 
but have not completed a proof. (Unless otherwise stated, all schemes and stacks are 
assumed to be separated and of finite type over an arbitrary base field.) 

A related, previously studied invariant is the affine covering number acn X, which is one 
less than the minimal number of affine open sets required to cover X. The affine strat- 
ification number is bounded by acn X, is better behaved {e.g. is bounded by dimension, 
cf. Example 14.81) , and has the same topological consequences. We know of no interesting 
consequences of bounded acn that are not already consequences of the same bound on 
asn. 

For equidimensional X, the definition is particularly simple. 

1.1. Definition. The (equidimensional) affine stratification number of an equidimensional 
scheme X is the minimal number easn X such that there is a (finite) stratification of X by 
locally closed affine subschemes of codimension at most easn X. 

This is the form most likely to be of interest. The appropriate generalization to arbitrary 
schemes is only slightly more complicated. 

1.2. Definition. An affine stratification of a scheme X is a finite decomposition X = 
\-\k&z>o i ^k,i into disjoint locally closed affine subschemes Y^.u where for each Y^.u 

(1) n,An,. c u Yy^j. 

k'>k,j 

The length of an affine stratification is the largest k such that UjY^j is nonempty. The ajfine 
stratification number asn X of a scheme X is the minimum of the length over all possible 
affine stratifications of X. 

The inclusion in ((TJ refers to the underlying set. We do not require that each Y^ j be irre- 
ducible. We also do not require any relation between k and the dimension or codimension 
of Yfe,i in X. We will see however (Theorem 13. Ill that it is always possible to assume that 
the stratification has a very nice form. 

Strictly speaking, the term "stratification" is inappropriate, as F^.i \ ^fc,i need not be a 
union of Yk'j: let X be the co-ordinate axes in A^, loj the x-axis minus the origin, and 
Yi^i the y-axis. However, Theorem B.lf a) shows that we may take ^ to be an actual 
stratification. 

The affine stratification number has many good properties, including the following 
(LemmalZH Propositions 1421 l4!6llZT0b . 

• asn X = if and only if X is affine. 

• asnX < dimX. 

• asnX < acnX. (Equality does not always hold.) 

• asn(X X F) < asnX + asnY". 

• If D is an effective Cartier divisor on X, then asn(X — D) < asn X. 



• If y — > X is an affine morphism, then asn Y < asn X. 

Even if one is only interested in equidimensional schemes, the more general Definition ll.2l 
has advantages over Definition 11.11 For example, the last property is immediate using 
Definition II .21 but not obvious using Definition ll.il 

In Section|21 we establish basic properties of affine stratifications. In Section|31 we show 
that affine stratifications can be reorganized into a particularly good form. In particular, 
if X is equidimensional, then easn X = asn X (Proposition 13.71 1, so the notation easn may 
be discarded. In Sectional we give topological consequences of bounded asn. 

Our motivation is to bound the affine stratification number of moduli spaces (in par- 
ticular, of pointed curves) to obtain topological and cohomological consequences. We de- 
scribe our work in progress in the form of several conjectures in Section |5l For example, 
the conjectures bound the homotopy type of the moduli spaces of curves (a) of compact 
type (stable curves whose dual graph is a tree, or equivalently stable curves with compact 
Jacobian), (b) with "rational tails" (stable genus g curves having a smooth component of 
genus g), and (c) with at most k rational components (a locus introduced in BGVI ), see 
Proposition 15.91 

1.3. Acknowledgments. This note arose from our ongoing efforts to prove a conjecture 
of E. Looijenga, and much of what is here derives from questions, ideas, and work of 
his. In particular, we suspect that he is aware of most of the results given here, and 
that we are following in his footsteps. We thank him for inspiration. We also thank J. 
Starr for Example 14.81 W Fulton for pointing out the examples of Nori |N| and Horrocks 
IHol , and T. Graber for helpful conversations. Finally, we are grateful to the organizers 
of the 2003 conference Algebraic structures and moduli spaces, at the Centre de Recherches 
Mathematiques (CRM), which led to this work. 



2. Basic properties of affine stratifications 

The most basic property is that an affine stratification always exists, and hence asn X is 
defined for any scheme X: if U"^o^j is a covering of X by open affine sets, then 

(2) f/o U (f/i \ f/o) U (f/2 \ (f/o U f/i)) U • • • 

gives an affine stratification of X. 

The following lemma is trivial. 

2.1. Lemma. — 

(a) The affine stratification number depends only on the reduced structure of X, 
i.e. asn X = asn X'''^'^. 

(b) IfX^^Yis an affine morphism, then asnX < asnl". 

(c) asn(X X F) < asnX + asnl". 

(d) If D is an effective Cartier divisor on X, then asn(X — D) < asnX. 



Part (d) requires the following well-known fact. 

2.2. Lemma. — Any irreducible affine scheme X, minus an effective Cartier divisor D, is affine. 

(Reason: the inclusion X \ D ^^ X is an affine morphism, since this can be verified 
locally. But X is affine.) 

Here is a partial converse to Lemma [2.21 A more precise converse is given in Proposi- 
tion EH 

2.3. Lemma. — Suppose that V is an irreducible affine scheme, and that U C V is an open affine 
subset. Then the complement Z := V \U is a Weil divisor in V. 

Proof. We first assume that V (and hence U) is normal. Let Z = UiZi be the decomposition 
of Z into irreducible components, and let Z' = UjZj be the union of those components 
of codimension one in V. We set U' = V \ Z', and let i : U -^^ U' be the natural open 
immersion. Since U' is normal, and the complement of U in U' is of codimension at least 
2 in U', we have i^^Ou = 0^. We will use this and the fact that both U and V are affine to 
see that U = U'. 

Let A = T{V, Ov) and B = T{U, Ou) = T{U', Ow). We have an inclusion of rings A^ B 
corresponding to the opposite inclusion of open sets. Suppose that U ^ U', and let x be 
any point of U' \ U. Since V is affine, x corresponds to a prime ideal Vx of A. Since x G U', 
no element of Vx can be a unit in r(^', Ow), and hence Vx remains a prime ideal in B, 
which is a localization of A. Therefore, since U is affine, x eU, contrary to assumption. 

Passing to the general case, we drop the assumption that V and U are normal, and let 
V and U be their normalizations. We have the commutative diagram 



U^ ^V 



U^ ^V 



where the vertical arrows are the normalization maps, and the horizontal arrows are open 
immersions. By the first part of the lemma, the complement Z oiU inV is of codimension 
one in V . Since Z maps finitely and surjectively onto Z, dim(Z) = dim(Z), and hence Z is 
of codimension one irvV . D 

The next corollary follows immediately. (Note that X need not be equidimensional 
here.) 

2.4. Corollary. — The complement of a dense affine open subset in any scheme is of pure codi- 
mension one. 



2.5. Examples, (a) Let X be the affine cone over an elliptic curve, embedded in CP^ as 
a cubic. Let Z be the cone over any point of the curve of infinite order in the group law. 
Then X \ Z is affine, but Z is not Q-Cartier. This shows that the complement of an affine 
open set in an affine scheme need not be the support of a Cartier divisor: we cannot hope 
to improve the conclusion of Lemma IT^ to match the hypothesis of Lemma IT^ 

(b) Let S be P^ blown up at a point, and let X be the affine cone over some projective 
embedding of S. Let Z c Xhe the affine cone over the exceptional divisor of the blowup. 
Then Z is of codimension one in X, but cd(X \Z) = I, so in particular it is not affine. This 
shows that, conversely, the complement of a Weil divisor in an affine scheme need not be 
affine: we can not hope to improve the hypothesis of Lemma IZ2l to match the conclusion 
of Lemma I2.3[ 



l(^) - 


-^ H\V,J^) - 


-^ H\U,J^u) 


'hi^) - 


-^ H\V,J^) - 


-^ H\U,J^u) 


K-^) - 


-^ H\V,T) - 


-^ H\U,J^u) 



However, there is a more precise statement giving a necessary and sufficient condition 
on a closed subset Z of an affine scheme V for the complement V^ \ Z to be affine. 

2.6. Proposition. — Let V be an affine scheme (possibly reducible) and Z a closed subset of V. 
Then U := V \ Z is affine if and only if H^iJ^) = Ofor all quasicoherent sheaves TonV and all 
i > 2. 

Here iJ^(JF) is the local cohomology group. This also implies the same fact for the local 
cohomology sheaves W^i^)' see Corollary 12. Zf a) below. 

Proof. Let JF be any quasicoherent sheaf on V . We have the long exact excision sequence 
of cohomology groups 

— 
(3) - 

Since V is affine, we have H\V, J^) = for all 2 > 1, so that H\U, J^\u) = Hf\j^) for all 
i > 1. Hence (using Serre's criterion for affineness) U is affine if and only if Hz{T) = for 
alH > 2 and all quasicoherent sheaves JF. D 



2.7. Corollary. — Let X be a scheme (possibly reducible) and U a dense affine open subset. Let 
Z := X \U. For any quasicoherent sheaf J^ on X, 

(a) n^iT) = Ofor all i > 2, and 

(b) H'z{J^) = Ofor alii > cd Z + 1. 

The notation cd denotes cohomological dimension, see Section [T] 

Proof, (a) Since the local cohomology sheaf Hz (J-') is the sheafification of the functor V i-^ 
^znvi^lv) |GH, Proposition 1.2], it is sufficient to check that the local cohomology group 
vanishes for sufficiently small V around any point of Z. But if V is any open affine set, 
then V f] U is nonempty (since U is dense) and also affine (by separatedness). Hence 
Hznvi^W) = for z > 2 by Proposition IZ6l and so 7^^(JF) = as well. 



(b) The local cohomology sheaves 7i^(JF) are quasicoherent and are supported on Z. 
The local cohomology groups can be computed by a spectral sequence with i^f^ term 
HP{X, nliJ^)) = HP{Z, ^I(J^)). Since Hp{Z, ■) = for p > cd Z, and 7^|(J^) = f or g > 1 
by part (a), we have H'^iJ^) = ior i > cd Z + 1. D 



2.8. Corollary. — Let X be a scheme, U a dense affine open subset, and set Z := X \U. Then 
cdX <cdZ + 1. 

Proof. For any any quasicoherent sheaf JF on X, the excision sequence @ and the fact 
that U is affine gives H\X, J^) = H'ziJ^) for all i > 2, and that H^iX, T) is a quotient of 
H\{T). Hence, for any i > 1, Hi.{J^) = implies that W{X, T) = 0. Since i^M-^) = for 
alH > cd Z + 1 by Corollary IZTTb). we have cd X < cd Z + 1. D 



2.9. Bounding asn by finite flat covers. The following result is useful to bound asn X by 
studying covers of X. 

2.10. Proposition. — Suppose -k : Y ^> X is a surjective finite flat morphism of degree not 
divisible by the characteristic of the basefleld, and Y is affine. Then X is affine. 

Proof. The hypothesis implies that Ti^Oy is a coherent locally free sheaf on X. The trace 
map gives a splitting 7r^,Cy = Ox © E for some vector bundle E on X. If J^ is any coherent 
sheaf on X, then the flatness of n gives 7r^,7r*jF = JF © {E ® J^), and it then follows from 
the Leray spectral sequence and the finiteness of -k that W (X, JF) is a direct summand of 
H''{Y, 7r*jF) for alH > 0. Since Y is affine, these vanish if z > 1, hence the cohomology 
groups on X do as well, and therefore X is affine by Serre's criterion for affineness. D 



3. Reorganizing affine stratifications 

We describe various ways that we can reorganize the stratification which are more con- 
venient for analyzing X. The main results of this section are summarized in the following 
theorem. 

3.1. Theorem. — If X is any scheme and asnX = m, then there exists an affine stratification 
{Zq, . . . , Zm} of X such that for any k < m: 

(a) Zk = Uk'>kZk', _ 

(b) each Zk is a dense open affine subset of Zk, and 

(c) Zk is of pure codimension one in Zk-i . 

If in addition X is ecjuidimensional, then we also have 

(d) each Zk' is of pure codimension k' — k in Z^for any k' > k. 

6 



Even if X is not equidimensional, if we have an affine stratification {Yli} of length M such that 
each Yj^- is of pure codimension k in X, then setting Z'^ := \^^l,^for k = 0,. . . ,M we have 

(e) the affine stratification {Zq, . . . , Z'j^^} satisfies (a)-(d) above. 

(We are not guaranteed that M = m, so this stratification may not he optimal.) 

The proof is summarized in Section IS^ In analogy with CW-complexes, we define an 
affine cell decomposition of a scheme X to be an affine stratification 

X = [_\Zk 

k 

where the Zk's satisfy (a)-(c) of Theorem l3.ll The theorem guarantees that such a decom- 
position exists for any scheme X, with length asn X. 

3.2. Lemma. — Let {Yk^i} he an affine stratification of a scheme X and let Z^ := '^■iXk-i he the 
union of all the affine pieces of index k. Then each Zk is an open dense affine suhset of Zk, i.e. Zk 
is locally closed and affine. 

Proof. By definition, Zk is a dense subset of Z^- We will see that it is an open subset, and 
most importantly, affine. 



Since the affine stratification is finite, we have UjYfc.i = ^iYk,i- For any distinct Y^j 
and Ykj and any point y E Yk,i n F^^, the fact that the Y's are disjoint, along with the 
stratification condition ^, implies that y must be in some Zk' with k' > k. In particular, y 
is in neither Yfc j nor Ykj. 

If we let Ci := Uj^iYkj be the closed subset consisting of the closures of other Yk/s, 
and Vi := X \ Ci the open complement, then the previous remark shows that Y^.i ^ Vi, 
and therefore that ZkCiVi = Yk^i. 

Since every locally closed subset is an open subset of its closure, Y^.i is an open subset 
of Yk,i nVi = ZkCi Vi. Since Zk fi Vi is an open subset of Zk, we see that Yk^i is an open 
subset of Zk, and therefore that Zk = UjYfc.j is an open subset of Zk. 

Let Zk be the disjoint union 

Zk = I \Yk^i, 

i 

and / : Zk — > X the natural morphism with image Zk. The map / is one-to-one on 
points, and the fact that Z^ fl V^ = Fj ^ for each i implies that / is a homeomorphism, and 
in fact an immersion. Therefore, Zk = Zk as schemes, and so Zk is affine since Zk is. D 



3.3. Proposition. — Let {Y^.i} he an affine stratification of X of length m. Then there exists an 
affine stratification {Y^A of length at most m such that the generic points of all components of X 
are contained in the zero stratum Uj-Fq ■ o/jF^' •}. 



Proof. We first set Yq^^ := Fo,i for all valid indices i. Now let Yk^i be any piece of the 
stratification with A; > 1. If Y^ j does not contain the generic point of any component of X 
then set Y"/ ■ := Yfc^j. On the other hand, suppose that Y^ j contains rji,...,rjr where each rjj 
is a generic point of X. In this case, for each j e {1, . . . , r} choose an open affine subset 
Uj of Yk^i containing r]j so that Uj intersects no components of X other than {r]j}. Now set 
Ylj := Ykj \ {Wj^^Uj), and add the Uj in as elements of the zero stratum, Fq ^ := Uj, where 
the ij are chosen not to conflict with previously existing indices. It is straightforward to 
verify that this decomposition satisfies the affine stratification condition ^. D 



3.4. Lemma. — Let {Y^^i} be an affine stratification of X of length m. Then there exists an affine 
stratification {Y^^} of length at most m such that if Z'^. := UiY"^' ^ is the union of all affine pieces of 
index k, then for any k, 

Zk = ^k>>kZ'k,. 



Proof. By Proposition 13.31 we may assume that all the generic points of components of X 
occur in the zero stratum of {Yfe,?}, and therefore that VJiYq-i = X. We now proceed by 
induction on the length m of the stratification, the case m = being trivial. 

Let U := UjFo,i be the union of the pieces in the zero stratum, and Z := Lik>i,iYk,i the 
complement. Note that U is open and hence Z is closed by Lemma l3!2l 



The {Yfc,i} with k > 1 form an affine stratification of Z of length m — 1 (after reindexing 
the k's to start with zero). Therefore by induction Z has an affine stratification of length at 
most m — 1 satisfying the hypothesis of the lemma. Reindexing the k's again, and adding 
the Yq/s as the zero stratum, we end up with an affine stratification {Y^ ■} of length at most 
m which also satisfies the hypothesis of the lemma, completing the inductive step. D 



3.5. Corollary. — For any scheme X, if asn X = m then there is an affine stratification 
{Zq, . . . , Zm} of X with Zk = Uk'>kZk' for each k, and such that each Z^ is an open dense 
affine subset of Zk. 

Proof. Combine Lemmas 13.21 and 13.41 D 



3.6. Corollary. — For any scheme X, asn X < dim X. 

Proof. Let m = asnX and {Zq, . . . , Z^} be a stratification as in Corollary 13. 5[ By Corol- 
lary |2]4l each Zk+i is of pure codimension one in Zk- If Z^ is any irreducible compo- 
nent of Zm, then that means we can inductively find a chain of closed irreducible subsets 

Z^ C ^m_i C Z^_2 C ■ ■ ■ C Z^ C Zq, with each Z^ an irreducible component of Zk. Then 

dim X > dim Z^ + m > m. D 



m 



If we assume an additional hypothesis about X or the stratification {Yk^i}, we have 
slightly stronger results about the stratification {Zq, . . . , Z^} of Corollary 13 .Si 

3.7. Proposition. — If X is an equidimensional scheme, and {Zq, . . . , Z^} the stratification of 
Corollary \3.5l then we have in addition that Zy is of pure codimension k' — k in Zkfor all k' > k. 
In particular, easn X = asn X. 

Proof. By Corollary 12.41 each Z^+i is of pure codimension one in Z^. li Zq = X is equidi- 
mensional, then it follows that each Z^ is equidimensional as well, and from this that Zy 
is of pure codimension k' — km. Z^ for any k' > k. D 

Even if X is not equidimensional, if the affine stratification {Y^ j} satisfies a suitable 
condition we get a similar good result about the stratification by the Zk's. 

3.8. Proposition. — Let {Yk^i} be an affine stratification of a scheme X with each Yk,i of pure 
codimension k in X. Let Zk := UjYfc.j be the union of all the affine pieces of codimension k. Then 

(i) For k' > k, Zy is of pure codimension k' — k in Z^, in particular, Zy C Z^. 

(ii) Zk = Uk'>kZk'- 

Proof. Since the decomposition is finite, the irreducible components of Z^ are all of the 
form Wm with Wm an irreducible component of some Y^j. 

We prove (i) by induction on k. For A; = the result is obvious, since Zq = X, and Zk' is 
of pure codimension k' in X. So assume that A; > and that (i) is true for k — 1. 

Let Wk' by any irreducible component of Zk' with k' > k. By the induction hypothesis, 
Wk' C Zk-i, and is of codimension A;' — A; + 1 in Zk-i- Let Tk-i be any irreducible com- 
ponent of Zk-i whose closure contains Wk' and such that codimiW k' , Tk-i) = k' — k + 1. 
Lemma E21 gives us that Zk-i is affine, and therefore Tk-i is affine also. 

By Lemma 12.31 the closed set Tk-i \ Tk-i has codimension one in Tk-i- Let 7]k be 
the generic point of any component of Tk-i \ Tk-i containing Wk'', one exists by our 
choice of Tk-i- Since codim(l/Ffc',Tfc_i) = A;' — A; + 1 and codim.{{r]k},Tk-i) = 1, we have 
codim(WA;', {r]k}) = k' - k. 

The Zjn's partition X, and so 77^ must be in exactly one Z.^- We cannot have m < 
k — 1, since that would contradict the stratification condition. We cannot have m > k + I, 
since this would contradict codim(Zm, Zk-i) = m — k + 1, which holds by the induction 
hypothesis. Therefore rjk is in Zk, and so Wk-i C Zk- 



We have already seen that codim(Wfc/, {r]k}) = k' — k. Since 

codim {Wk',Zk) = sup (codim {Wk', Yk,i)) 
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with Yk,i running over the components of Zk, we get codim(iyfc/, Zk) > k' — k. But for any 
three closed schemes W, Z, and X with W C Z C X, we always have 

codim {W, Z) + codim (Z, X) < codim (VF, X) . 

Since the codimensions of Wk' in X, and Z^ in X are fc' and k by hypothesis, this gives 
codim(VFfc/, Z^) < k' — k, and hence codim(iyA;', ^fc) = k' — k. Therefore Z^^ is contained in 
Zk, and is of pure codimension k' — k, completing the inductive step for (i). 

To prove (ii), the stratification condition gives Zk C {Jk'>kZk', while part (i) above gives 
the opposite inclusion. D 



3.9. Proof of Theorem \J1\ Part (a) is Lemma |3^ part (b) Lemma IS^ part (c) Corollary 12.41 
part (d) Proposition 13. 71 and part (e) Proposition 13 . 81 and Lemma l3!2l a gain . D 



4. Topological consequences of bounded affine stratification number 

We now describe the topological consequences of bounded asn, in particular: relation 
to dimension (Section I4.1|l . affine covering number (Section 14. 5t , cohomological dimen- 
sion (for quasicoherent sheaves. Section 14.111 as well as constructible and £-adic sheaves. 
Section l4.15b , dimension of largest proper subscheme (Section [4. 14|l . and homotopy type 
(Section i^O). 

4.1. Relation to dimension. 

4.2. Proposition. — asnX < dimX. If one top dimensional component of X is proper, then 
equality holds. 

The first statement is Corollary 13. 61 The second statement follows from Proposition l4.12l 
(cd < asn) and the following theorem, first conjectured by Lichtenbaum. 

4.3. Theorem (Grothendieck BGHl 6.9], Kleiman |K, Main Theorem]). — If d = dimX, then 
cdX = d if and only if at least one d-dimensional component of X is proper. 

4.4. Example: All values between and dim X are possible. Let Xk = P"\{(r2 — A; — l)-plane)}, 
for k between and n — 1. Then clearly cdXk = k and asn Xk < k. We will see that cd < asn 
f Pr op osition 14 . 1 2)l . from which the result follows. 

4.5. Relation to affine covering number. Recall that the affine covering number acn X of 
a scheme X is the minimal number of affine open subsets required to cover X, minus 1. 
The invariant acn does not obviously behave as well as asn with respect to products (c/. 
Lemma lzTV c)): it also is not bounded by dimension (Example l4.8l below). 
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The argument of (O gives the following. 

4.6. Proposition. — asnX < acnX. 

4.7. Example. In general, acnX 7^ asnX. As an example, let X be a complex K3 surface 
with Picard rank 1, minus a very general point. Then acnX = 2: if for every point p of 
X, acn(X — p) = 1, then (given the hypothesis that the Picard rank is 1) any two points 
of X are equivalent in Aq(Y) (with Q-coefficients), contradicting Mumford's theorem that 
Aq(Y) is not countably generated |M|. Example l4.8l below gives another example (in light 
of Proposition 14.21 1. 



4.8. Example: acnX may be larger than dimX. When X is quasiprojective, acnX < dimX. 
{Reason: Let X be a projective compactification such that the complement X\X is a Cartier 
divisor D. Consider an embedding X =— * P" and let i^o, • • • , ^dimx be hypersurfaces so 
that X n i/o n ■ ■ ■ n i^dimx = 0- Then the 1^ := X \ (X n Hi) form an affine cover of X. We 
conclude using Lemma IZ2l ) 

However, the following example, due to J. Starr, shows that acn X may be greater than 
dim X. Given any n, we describe a reducible, reduced threefold that requires at least n 
affine open sets to cover it. Recall Hironaka's example {e.g. |Ha, Example B.3.4.1]) of a 
nonsingular proper nonprojective threefold X. Nonprojectivity is shown by exhibiting 
two curves i and m whose sum is numerically trivial. Hence no affine open set can meet 
both i and m; otherwise its complement would be a divisor (Lemma l2.3ll , hence Cartier (as 
X is nonsingular), which meets both i and m positively. Now choose points p and i and q 
on m. Consider (2) copies of {X, p, q), corresponding to ordered pairs {i, j) {I < i < j < n); 
call these copies {Xij,pij, qij). Let ri, . . . , r„ be copies of a reduced point. Glue tj to pji and 
Qik- Then no affine open can contain both Tj and Tj for i < j (by considering Xij). 

4.9. Example: a family of integral threefolds with arbitrary high affine covering number (and no 
smooth embeddings). This leads to an example of an integral (but singular) threefold that 
requires at least n affine open sets to cover it. (Question: Is there a family of nonsingular 
irreducible varieties of fixed dimension with unbounded affine covering number?) Our 
example will be a blow-up of P"^. Choose n curves Ci, . . ., C„ in P^ c P^ that meet in 
n simple n-fold points pi, ..., Pn (and possibly elsewhere). Away from pi, ..., Pn blow 
up Ci, . . . , C„ in some arbitrary order. In a neighborhood of pi (not containing any other 
intersection of the Cj) blow up Q first (giving a smooth threefold) and then blow up the 
local complete intersection Lij^iCj (or more precisely, the proper transform thereof), giv- 
ing a threefold with a single singularity (call it g^). The preimage of pi is the union of two 
P^'s, one arising from the exceptional divisor of Cj (call it £j), and one from the exceptional 
divisor of Uj^iCj} they meet at gj. By Hironaka's argument, ii + ij is numerically trivial for 
all i ^ j. Then no affine open U can contain both qi and Qj: the complement of U would 
be a divisor, meeting ii and ij properly and at smooth points of our threefold (i.e. not at 
Qi and qj), and the same contradiction applies. 
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This is also an example of a scheme which cannot be embedded in any smooth scheme, 
or indeed algebraic space. (Earlier examples are the topic of papers of Horrocks |Ho| and 
Nori |N1.) If X ^-> W with W smooth, then for any divisor D (automatically Cartier) on 
W,D ■ii + D -ij = for alH, j. If n > 3, this implies that D ■ ii = for all i. But for any 
affine open set U oiW with [/ fi ^j 7^ 0, the complement D = W \U would intersect ii 
properly, giving us the contradiction D ■ £i > 0. Hence no such embedding is possible. 



By combining Proposition 14.21 with Proposition 14.61 we obtain the following, 
4.10. Proposition. — IfX is proper, then acnX > dimX. 



We note that this also follows from Theorem I4.3[ Example 14.71 shows that it is not true 
that acn X = dim X if and only if X is proper, even for quasiprojective X. 

4.11. Relation to cohomological dimension. Just as the dimensions of the cells in a CW- 
complex bounds the topological (co)homology, the length of the stratification into affine 
cells bounds the quasicoherent sheaf cohomology 

4.12. Proposition. — cd X < asn X. 

Proof. We prove the result by induction on asn X. It is clear for asn X = 0, so assume that 
m := asnX > and that the result is proven for all schemes Z with asn Z < asnX. Let 
{Zq, . . . , Zm} be an affine cell decomposition given by Theorem 13. 1[ Set Z := X \ Zq = 

Z\ = Ufc>iZfc. 



By Theorem 13. If b) Zq is an open dense affine subset of X, so by Corollary 12.81 cd X < 
cd Z+1. Next, Z = U'^'^Zk is (after reindexing) an affine stratification of Z of length m— 1, 
so asn Z < asn X — 1. Finally, by the inductive hypothesis, cdZ < asn Z. Combining these 
three inequalities gives cd X < asn X, completing the inductive step. D 

We remark in passing that by combining Proposition 14. 121 with C orollary 13 . 61 we obtain 
another proof of Grothendieck's dimensional vanishing theorem (|G1 Theorem 3.6.5], BHal 
Theorem III.2.7]). 

We conclude with an obvious result. 

4.13. Proposition. — cdX = if and only if asn X = if and only if acn X = 0. 

Proof. Each of the three is true if and only if X is affine (the first by Serre's criterion for 
af fineness). D 



4.14. Relation to dimension of largest complete subscheme. Motivated by Diaz' the- 
orem [DJ, let psv X be the largest dimension of a proper closed subscheme of X. If Z is 
a proper closed subscheme of X (with inclusion j : Z ^^ X), and if JF is a quasicoherent 
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sheaf on Z, then j*^ is a quasicoherent sheaf on X, and ll'\X, j^T) = H^{Z, T) for all i. 
By Theorem 14.31 we can find a quasicoherent sheaf JF on Z with i/'^'™^(Z, JF) 7^ 0, and so 
this gives psv X <cdX. Hence by Proposition 14. 121 

psvX < asnX. 



4.15. Relation to cohomological vanishing for constructible and £-adic sheaves. In this 
section all notions related to sheaves (including stalks, pushforwards, and cohomology 
groups) are with respect to the etale topology. For instance, "sheaf on X" means "sheaf 
on X in the etale topology". 

To show how asn implies cohomological vanishing for constructible and f-adic sheaves 
(Corollary 14.191 1, we first recall a theorem and some notation of Arttn. For any (etale) sheaf 
F of abelian groups on X, let 

d(F) := sup jdim {jxpj | x G X, F^ ^ o| 

be the dimension of the support of F. 

4.16. Artin's Theorem ['A2', Theorem 3.1]. — Let f : X — > Y he an affine morphism of 
schemes of finite type over afield k, and F a torsion sheaf (i.e. sheaf of torsion groups) on X. Then 
d(i?V*F) < d(F) - q for all q > 0. 

We will apply Artin's Theorem in the following form: 

4.17. Proposition. — Suppose that X is a scheme, U an affine open subset of X, and Z := X \U 
the complement. Then for any torsion sheaf f on X, 

d(7^|,^(F))<d(F)-g + l. 



Here the '^^lt^(F) are the local cohomology sheaves in the etale topology. The usual 
excision and spectral sequences for local cohomology remain true in the etale setting, see 
1^ Sec. 6]. 

Proof. Hi : U ^-^ X is the inclusion, then for any sheaf F of abelian groups on X we have 
the exact sequence [V, Proposition 6.5] 

-^ ^°t,z(F) -^ F ^ z,(F|^) -^ 7^^t,z(F) -^ 0, 

as well as isomorphisms 

H|t_^(F) = W-\,{V\u) for all g > 2. 

If g > 2 the proposition then follows from the above isomorphism and Artin's Theo- 
rem ^iHl applied to the inclusion morphism i, which is affine since U is. 

If g = 1 it is enough to bound d(z*(F|;7)), since 'H\^^{^) is a quotient of i^{F\jj). The 
points X E X where (^*(F|c/))^ 7^ are the points x E U with F^ 7^ and points x E Z such 
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that there exists a point x' e U, x E {x'} with F^ 7^ 0. In particular, the support oii^,{F\u) 
is contained in the support of F, so d{Hl^^{f)) < d(F), which is exactly the statement of 
the proposition when q = 1. 

If g = note that d(7^9^ ^(F)) < d(F) since TY?^ ^(F) is a subsheaf of F, while the proposi- 
tion only claims the weaker bound d(7Y9^ ^(F)) < d(F) + 1. D 



4.18. Lemma. — If f is a torsion sheaf on X, then HV^{X, F) = Ofor all n > d(F) + asnX. 

Proof. We show the result by induction on asn X, the case asn X = being Artin's The- 
orem |4[T6l again. Let {Zq, . . . , ^asnx} be an affine cell decomposition of X (as given by 
TheoremlO). Set Z ■.= X\Zo = VJk>iZk- 



We have H?^{Zq, f\zo) = for all n > d(F|^„) by Artin's Theorem, and since d(F|2„) < 
d(F) the excision sequence (equation Q holds in this context, [V, (6.5.3)]) shows that 
HV^^iX, F) is a quotient of i^^t^(F) for all n > d(F). It is therefore enough to show that 

H^t,zi^) = for n > d(F) + asnX. 

We can compute H^^.^{f) by a spectral sequence with E'f' term H?^{X,Hl^^{f)) ( W\ 
Proposition 6.4]). We have H^^{X, H|t,z(F)) = ^^ti^, ^It,z(F)) since H|t,z(F) is supported 
on Z. By Proposition 14. 171 we have d(7Y|^ ^(F)) < d(F) — g -t- 1. Since asn Z < asn X we can 
apply the inductive hypothesis to conclude that H?^{Z,Hl^^{f)) = for p > d(F) — q + 
1 + asn Z, or p + q > d{F) + asn Z + 1. Again using asn Z < asn X, this gives -f^|t zC") ~ ^ 
forn > d(F) + asnX. D 



4.19. Corollary. — 



(a) If f is a torsion sheaf then HV^(X, F) = Ofor all n > dim X + asn X. 
(b)Iff is a constructible sheaf, then HV^{X, F) = Ofor all n > dim X + asn X. 
(c) IfJ^e is an £-adic sheaf on X, then HVj_[X, Tt) = Ofor all n > dimX + asnX. 



Proof, (a) Clearly we have d(F) < dimX. (b) A constructible sheaf is a special case of 
a torsion sheaf (compare lAIt Proposition 1.2(ii)] with |A1 , Def. 2.3]). (c) follows from 
(a). D 



4.20. Relation to homotopy type. We expect that the affine stratification number bounds 
the homotopy type as follows. 

4.21. Conjecture. — If the base field is C, then X has the homotopy type of a finite complex of 
dimension at most asn X + dim X. 
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5. Applications to moduli spaces of curves 

One motivation for the definition of affine stratification number is the study of the 
moduli space of curves, and certain geometrically important open subsets. We will use 
Definition 11.11 (which we may, by Proposition 13 .7|t . 

5.1. Preliminary aside: the affine stratification number of Deligne-Mumford stacks. As we 
have only defined the affine stratification number of schemes, throughout this section, 
we will work with coarse moduli space of curves. One should presumably work instead 
with a more general definition for Deligne-Mumford stacks. One possible definition is to 
replace the notion of "affine" in the definition of affine stratification number with that of 
a Deligne-Mumford stack that has a surjective finite flat cover by an affine scheme (see 
Proposition 12. lOI I. 

5.2. Recall the following question of Looijenga's. 

5.3. Conjecture (Looijenga). — (a) acn Mg < g — 2 for g > 2. (b) More generally, acnMg„ < 
g — 1 — 6nfl whenever g > 0, {g, n) ^ (1, 0). 

The case n = 1 of (b) implies the cases n > 1, as the morphism M^ „+i -^ M^ „ is affine 
for n>l. 

This suggests the following, weaker conjecture, which is straightforward to verify for 
small {g, n) (using Proposition 12. 101 judiciously). We are currently pursuing a program to 
prove this (work in progress). 

5.4. Conjecture (Looijenga BHLl p. 112, Problem 6.5]). — asn Mg < g ~ 2 for g >2. 
From this statement (and properties of asn), we obtain a number of consequences. 

5.5. Proposition (Looijenga [HL' p. 112]). — Conjecture \5.4\ implies that asn Mg^n < 5* — 1 — ^n.o 
whenever g > 0, [g, n) y^ [1, 0). 

Proof As Mg^n+i -^ Mg.n is affine for n > 1, it suffices to prove the result for Mo,3 and Mg^i 
with g > 0. The cases g = and g = I are immediate. For g > I, let D be a multisection 
of Mgi -^ Mg (e.g. a suitable Weierstrass divisor). Then the morphisms D -^ Mg and 
(Mg 1 \D) ^ Mg are affine and surjective, so pulling back the affine stratification of Mg to 
Mg^i and intersecting with (Mgi \D)UD yields the desired affine stratification of M^ i. D 

Examination of small genus cases suggests the following refinement of Conjecture 15.41 

5.6. Conjecture. — There is an affine stratification of Mgty preserved by the symmetric group 
acting on the n' points. The induced decomposition of Mg,n is a stratification. 
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This leads to a bound on the affine stratification number of the open subset M~^, corre- 
sponding to stable n-pointed genus g curves with at most k genus components, defined 
in I.GV. Section 41. 

<^ 

5.7. Proposition. — Conjecture \5.6\ implies that asn M~ < g — I + kfor all g > 0, n > 0. 

This is more evidence of the relevance of this strange filtration of the moduli space of 

- - <^ 

curves. In particular, compare this to Theorem i^ of IGVJ, that the tautological ring of M~„ 

vanishes in codimension greater than g — I + k. (In liGVt p. 3], Looijenga asks precisely 

this question, with asn replaced by acn.) 

Proof. We show that dimension of any stratum of Mj, „ appearing in M~^ is at least 

3g-3 + n-{g-l + k) = 2g-2 + n-k. 

This is true for strata in Mg_„ by Proposition 15.51 Consider any other boundary stratum, 
say with j rational components (J < k) with rrii, . . . ,mj special points respectively; and 
s other components, with genus gi, ..., gs and rii, ..., Ug special points respectively. By 
Proposition 12.101 it suffices to pass to the finite etale cover that is isomorphic to 

3 s 

By Proposition 15.51 fand using Mo,mi affine), we can decompose this space into affine sets 
of dimension at least 



^{nii - 3) + ^{Sgi -3 + ni- {gi- 1)). 



=1 i=l 



Now X]i=i("^* ^ 2) + J2'i=ii'^9i — 2 + rii) = 2g — 2 + n, so each affine set has dimension at 
least 

2g -2 + n- j 

>^ 

and thus codimension in M~„ at most g — l+j<g— 1 + kas desired. D 

This leads to bounds on other spaces of interest. Let A<f|*„ be the open subset of Mg^n 
corresponding to curves of compact type {i.e. with compact Jacobian, or equivalently with 
dual graph containing no loops). Let M^*„ be the open subset corresponding to curves 
with rational tails {i.e. with a component a smooth genus g curve, or equivalently with 
dual graph with a genus g vertex). 



5.8. Corollary. — Coniecture \5.6\ implies that asn M^*„ <2g — 3 + n and asn M^*„ < g + n — 2 
for g > 0,n > 0. 

Proof. M^*^ is obtained by removing boundary strata from M'f^ " . Mg*„ is obtained by 

<n— 1 

removing boundary strata from M~„ . D 

16 



5.9. Corollary. — Coniectures \4.21\ and \5.6\ imply that M (resp. M'^^^, M'^J'J has the homotopy 
type of a finite complex of dimension at most Ag — 4 + n + k (resp. 5g — 6 + 2n, 4(yf — 5 + 2n). 
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